During the design of nonimaging Fresnel lenses, the reflectance losses at the refracting surfaces should be taken into account because, depending on the parameters of each prism, semiacceptance angle and output angle , these losses can decrease the total efficiency of the lens. On this subject, an analysis and comparison between a Fresnel lens composed only of refractive prisms and others with total internal reflection (TIR) prisms are presented and, using this information, a design method of hybrid Fresnel lenses composed of refractive and TIR prisms is proposed to reduce reflectance losses from the surface. The work presents the radiance profile and transmittance for a Fresnel lens of each type, to compare its advantages and disadvantages providing an alternative for the design and construction of nonimaging Fresnel lenses according to optical devices requirements.
Introduction
Fresnel lenses were invented to be used in lighthouses, but over the years their applications have been increased to solar concentration, projectors, copying machines, magnifiers, holography, and communications, among others. The different applications of Fresnel lenses, especially in the field of solar concentration, led to the design of nonimaging Fresnel lenses and the research of new design methods and optimization techniques [1, 2] .
The imaging Fresnel lenses are designed to have a focal point where all the light is concentrated; in the case of the nonimaging Fresnel lenses, following the design method proposed by Leutz et al., the lens is designed to focus in a limited area, instead of a point. In the next sections, this area is called focal area [1] .
As all the optical lenses, imaging and nonimaging Fresnel lenses are prone to different types of losses; some of these losses are as follows [3] : (i) Absorption losses. These are related to the material and the optical path length.
(ii) Chromatic losses. These losses are due to the chromatic dispersion of the light as a result of the changes in the refractive index of the material according to the wavelength of their incident light ( ( )). The chromatic aberrations may cause geometrical losses when, as an effect of the chromatic dispersion in the boundary within the range boundaries of wavelengths collected, the light is collected outside the focal area.
(iii) Reflection losses. The light reaching the boundary of 2 materials is not totally refracted; instead, some portion of this light is reflected; these losses are called Fresnel losses.
It is well known that Fresnel losses at the refractive surfaces can be reduced using total internal reflection (TIR) prisms and the chromatic aberration, using the edge ray 2 Mathematical Problems in Engineering principle adapted to the design method proposed by Leutz [3] [4] [5] .
This work presents the design method for a nonimaging Fresnel lens composed of a combination of refraction and total internal reflection prisms facing inward to reduce losses by reflection and to avoid chromatic aberrations considering the extreme wavelengths collected [1, [3] [4] [5] . Besides, a comparison between refractive, total internal reflection and hybrid lenses (composed of refractive and total internal reflection prisms) is presented.
Design Method
The nonimaging Fresnel lenses are usually dome-shaped lenses integrated by a chain of prisms, and these have an acceptance semiangle , but it is possible to design nonimaging Fresnel lenses with different shapes. This work is focused on the optimization of dome-shaped nonimaging Fresnel lenses.
These lenses offer advantages as the reduction of focal aberration, lower dependence to sun-tracking mechanisms, and mechanical stability, among others. In contrast, their disadvantages are complications in the manufacturing process, the increment of reflection, and cosine losses [1] .
For the design of a nonimaging Fresnel lens it is necessary to design, using an iterative method, each prism considering, as input parameters, the acceptance semiangle (this work only covers the nonimaging lenses with only one acceptance semiangle, but, according to Leutz et al., it is possible to design a lens with cross-sectional acceptance semiangle and perpendicular acceptance semiangle [1] ), the refractive index in terms of the wavelength range from its shortest wavelength , to the highest ℎ , and its focal distance . The present work takes this approach as the start point and includes a process of analyzing which kind of prism, refractive or TIR, has the bigger transmittance for increasing the total transmittance of the whole lens.
Refractive Prism Design
Method. The conventional nonimaging Fresnel lenses consist of a chain of refractive prisms, whose optical path is described in Figure 1 , where it includes each one of the incidence angles, through a refraction prism [1] .
Using the Snell law and considering the optical path in Figure 1 , the prism can be designed following the next equations [1] :
where the angles , 0 , 1 , 2 , 3 , , and are shown in Figure 1 . The prism angle can not be solved analytically from (1)- (5); therefore the prism inclination angle must be determined using approximation methods and considering a margin error Δ , usually defined as Δ = 10 −5 [1] , that allows the convergence in the solution of for the cases where < 0 ∘ and > 0 ∘ . Finally, the 3D shape of each lens is obtained applying rotational symmetry over the optical axis of the resulting profile ( Figure 2 ).
Chromatic Aberration.
To avoid the chromatic aberration in nonimaging Fresnel lenses, the edge-ray principle can be modified taking the following into account [1, 5] :
(1) The upper and lower wavelength to collect, where each wavelength is corresponding to different refractive indexes.
(2) The longest wavelength is coming at + , and it is assigned to the edge of the right-hand side.
(3) The shortest wavelength is coming at − , and it is assigned to the edge of the left-hand side.
With the steps above, the design method allows that the complete wavelength range can be collected inside the same area ( Figure 3 ). It is important to use an equation that relates the refractive index and wavelength of light for a particular transparent material; one approximation of this relation is described by Cauchy's equation [1, 6] . Then, the refractive indexes, and ℎ , are defined by the shortest and longest wavelengths and ℎ .
Transmittance.
The amount of light reflected at the refracting surfaces depends on the angle of incidence and the polarization of the radiation. For the case of sunlight, it is considered nonpolarized; thus, parallel and perpendicular (1)- (5) in each prism, the resulting profile is a chain of prisms describing a dome-shaped lens. The angle is defined as the aperture angle of each prism.
reflections have been calculated using the Fresnel equations and can be obtained for each prism as follows [1, 3] :
where the angles 0 , 1 , 2 , and 3 are shown in Figure 1 and can be solved using (1) to (5) . The final value of will vary according to the numeric solutions of 0 , 1 , 2 , and 3 that are dependable on the value of .
Total Internal Reflection Prisms Design.
One of the disadvantages of using nonimaging Fresnel lenses is the losses at the refractive surfaces [1] ; to reduce that, the present work proposes the use of total internal reflection (TIR) prism like the one shown in Figure 4 . This prism is proposed as a right triangle with the angle as the right angle. This is proposed because the use of prisms with TIR allows the reduction of the angles 2 and 3 , which are the angles that increase its value when its distance from the center of the lens is increased.
The optical path inside TIR prism follows the next equations: 
where the wavelength is measured inÅ and angles , 0 , 1 , 2 , 3 , , and are shown in Figure 4 . The construction of each TIR prism must be performed by an iterative method just as the case of the refractive prism and following the Leutz method, but considering the new equations above. 
Hybrid Nonimaging Fresnel Lens Design Method.
A summary of the design method for nonimaging Fresnel lenses is shown in Figure 5(a) , where the solution of will be obtained by (1)- (5) for refractive prisms or by (7)-(11) for TIR prisms.
The new design method proposed is shown in Figure 5 (b), where it is necessary to design both kinds of prisms for each iteration; the individual design of each kind of prism follows the algorithm shown in Figure 5(a) . Then, the transmittance for the positive semiangle, 1 ( ), and for the negative semiangle, 2 (− ), is computed taking into account (6) and the angles for each case. Finally, the highest average transmittance, or , is selected to choose the best option of the prism. 
Results and Discussion
Taking into account the design methods presented above, three nonimaging Fresnel lenses were designed with the objective to compare their transmittance along their profiles:
(1) Refractive nonimaging Fresnel lens: it is a chain of refractive prisms.
(2) TIR nonimaging Fresnel lens: it is integrated only by TIR prisms.
(3) Hybrid nonimaging Fresnel lens: before adding a new prism to the profile, the transmittance of a refractive prism and a TIR prism is calculated, and the one with the highest transmittance is added to the profile, looking for the losses reduction.
For all the cases, the input parameters were fixed to avoid unnecessary variations in the final results, and these parameters are shown in Table 1 . Figure 6 presents an illustrative profile of the Fresnel lens designed. The refractive Fresnel lens has a final surface with a curvature similar to a sphere, the TIR Fresnel lens has straight sections, and the hybrid lens is a combination of surfaces.
The transmittance of each prism considering the optical path for > 0 ∘ and < 0 ∘ was calculated and plotted as shown in Figures 7(a), 7(b), and 7(c) . Also, the average transmittance of both optical paths for each prism was plotted. In Figure 7(d) , the average transmittance of every prism was compared. Figures 7(a) and 7(b) show that, after prisms 295 and 325, for the refractive and TIR cases, respectively, there is no convergence in the solution of the prism and, as a consequence, the limitation of the number of prisms composing the lens. The design method presented allows the design of nonimaging Fresnel lenses with higher efficiency; this is accomplished due to reducing the losses related to the reflectance at the refractive surface. As can be seen in Figure 7 , for the hybrid lenses, it is possible to modulate transmittance; when it starts to decrease, it is forced to increase it, keeping it nearly constant. This result is not possible with other lenses.
The space distribution profile for each lens is shown in Figure 8 and its average efficiency was calculated as
where Φ is the amount of light inciding into the lens and Φ is the amount of light collected inside the focal area that is represented by the dotted-red line. As the lenses offered a range of acceptance angles from − to , the final efficiency shown in Figure 8 includes two sources, one with an incident angle and the other with − . Considering the mathematical analysis done, the refractive Fresnel lens (Figure 8(a) ) presents a defined collection area with an average efficiency of 70%, which means that all the collected light for the range from − to is redirected to the circular surface. In contrast, the TIR Fresnel lens (Figure 8(b) ) has a transmittance of 77.1% but a portion of the collected light arrives outside the collection area, having a final efficiency around 55.1%. Moreover, the hybrid Fresnel lens (Figure 8(c) ), as in the case of the refractive lens, has an average transmittance of 90.1%, where all the light is collected, inside the collection area, having a final efficiency (85%) similar to the transmittance calculated.
The aberration in space distribution for the TIR lenses is presented due to the rotational symmetry applied over prism with sides and higher than , as can be seen in Figure 4 , which leads to the shading over next prism in the inner half of the lens. In the case of the hybrid lens, this shading effect is avoided because, as can be seen in Figure 6 , the orientation of the prisms changes in the outer prism.
Conclusions
The design method proposed is a variation to the design method presented by Leutz and includes the proposal made by Akisawa to reduce the losses related to the chromatic aberration. In the example shown in the previous section, the hybrid lens prevents transmittance decreasing and allows the lens to maintain its efficiency and collection area, reducing the aberrations. In contrast, this new design presents some disadvantages as the problems related to the manufacture and cleaning process because the lens is no longer a smooth surface.
The differences between the transmittance and the final efficiencies are related to the aberrations of the spatial distribution and the absorption losses.
For future work, an extensive mathematical and numerical analysis of the transmittance and efficiency will be presented, for example, including polarized light in our models and also including novel techniques for avoiding losses and aberrations.
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